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1 Introduction

Oligopoly model is a description of a special economic situation in which a particular
market is controlled by a small group of firms. The number of firms is so small that the
actions of any one of them will affect the price and have a measurable impact on the
competitors. In USA, oligopolistic industries include accounting and audit services,
tobacco, beer, aircraft, military equipment, motor vehicle, film and music recording
industries among others,

Oligopoly theory is the most frequently discussed economic model class in the
literature. The simplest model originates from the pioneering work of Cournot (1838).
It models a realistic economic situation. Consider an industry with » firms that produce
identical good or offers identical service. Let x; (k= 1, 2, ..., n) denote the quantity
offered by firm £, then its cost, Cy(x,), depends on its own production level, but the price,
As), depends on the total quantity s =x, + ... +x, offered to the market. The firms are
assumed to have finite capacity limits, L;, and their profits are the differences of their
revenues and costs. The revenue of firm & is x; f(s) with cost Cy(x;), so the profit of this
firm is

"

gok(xg,y..,xﬂ)mx,t/'(le,)«Ck(x,{). (hH

iml

Cournot considered this situation as an n-person game, where the firms are the players,
the strategy set of player £ is the finite, closed interval [0, L], and its payoff function is
given by equation (1). Following the work of Cournot, several static and dynamic
extensions of this classical model have been developed.

In the carly stages of the research, the existence and uniqueness of the equilibrium
was the central issue (Nash, 1951). The main result can be given as follows:

Assume that the price function f and all cost functions C,, k=1, ..., n, are twice
continuously differentiable, furthermore

i f<0
i x /<0
i f-C"<0

for all feasible x; values. Then there is a unique equilibrium.

Note that condition i is a natural requirement, since any increase in the supply has to
decrease the market price. Conditions ii and iii guarantee that ¢ is strictly concave in x;,
and they are clearly satisfied if /is concave and all cost functions C; are convex.

A comprehensive summary of the earlier results is given in Okuguchi (1976) and
their multi-product generalisations with some applications are presented in Okuguchi and
Szidarovszky (1999).

There are several practical methods to find equilibrium, however the computation of
cooperative solutions is a difficult task. The most common cooperative solution concept
is the Nash bargaining solution which requires the optimisation of the product of the
profit functions of all firms. This objective function is non-concave, so there is no
cfficient way to find its maximum. In this paper, we will introduce agent-based
simulation when only a single-dimensional optimisation problem is solved at each step.
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This concept is a realistic description of real economic situations, since the different
firms — even if they cooperate — want to maximise their objective functions or the
commonly agreed objective function by selecting their own best production plans.
The sequence of optimal decisions can also be interpreted as an iteration procedure that
can be used for the computation of the cooperative solution of the oligopoly game.
This paper introduces an agent-based simulation model in which the firms are able to
learn the Nash bargaining solution by a dynamic process that converges to this solution.

2 Alinear model and equilibrium

In this paper, we study single-product oligopolies and assume that the price function fand
the cost functions €, are all linear:

f(s)= A~ Bs, @)
C(x)=a +bx, G)

where s = an" is the total industry output, B and A are positive constants, 4 is the
maximum price and B is the marginal price, by is the marginal cost, and a; is the fixed
cost. In this case, all conditions of the general existence theorem are satisfied and
therefore there exists a unique equilibrium. The linearity of the price and cost functions
serves only mathematical convenience. More complex, nonlinear cases can be discussed
in an analogous manner.

The profit of each agent £ is represented as

0, mx&(A—ﬂZ.xi}M(ak+bkxk)$wB‘xf+(Awb,()‘xk ~B-x, X, ~a, (4)
. jaed

where x mzm x, is the total output of the rest of the industry.

From equation (4), without assuming cooperation among the agents, each agent’s best
response is obtained from the first order condition:

I - ape tA-b,-Bx, =0, (5)
dx,

that is,
X, mm.l_xwk ‘+Mmmg+m, (6)

where 5= Z:’l x, is the total supply, as before. Here, we assume that x; is interior.

By adding these equations for all values of k, we have

i
”A”katbk
§ F =R e —
B
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So
_ nd ”Z;s b, (7
(n+D)B
and from equation (6), the equilibrium production level of firm £ is the following:
A+Y " b —(n+ )b
x}; - Z/wl / ) * . (g)

(n+DHB

In the nonlinear case, the first order conditions provide # nonlinear equations for the
n unknown production levels, x;, and usually computer methods are used to find the
solution. These methods are usually iterative and sufficiently good initial approximations
are required to guarantee convergence.

3 Cooperative solutions

The equilibrium is the solution of the game, if it is considered non-cooperative. If there
is certain level of cocvperanon between the firms, then cooperative game theoretical
methods have to be applied. It is well known that by certain levels of cooperation the
firms are able to increase their profits (see for example, Kopel and Szidarovszky, 2006).
Most solution concepts are based on the characteristic function of the game. It is a
real-valued function defined on all possible coalitions of the n players. Since there are 2"
possible subgroups (including the empty set). there are 2" values of the characteristic
function. By definition, w(¢)=0, and w( {l,...,n})xmaz;(z:mw,t (%,...,x,). For any
coalition C= {iy, ..., i,} ¢ {1,2,...,n},

()= maxrr;mZng(x 9

w

Y

The value of the characteristic function shows the minimal obtainable total payoff of
coalition C regardless of the actions of the other firms. The most common cooperative
concepts can be found in the game theory literature (see for example, Forgo et al., 1999).

Another class of solutions is based on bargaining. There are several concepts and
methods to find bargammg solutions. The most popular method is the Nash bargaining
solution, which maximises the Nash-product

1

Mg x)-0.) (10)

kel
where @ is a “status quo’ value, which might be the individual minimum value of the
payoff of player , it can also be the equilibrium payoff, or simply zero, since in the
absence of agreement no firm will participate in the industry, so no profit is obtained.

By selecting ¢- =0 for all players, linear price and cost functions, the Nash bargaining
solution is obtained by solving the following complicated optimization problem:
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Maximise H(h {A - BZ X, ] =(a, +b.x, )J
kel [

subjectto 0<x, <L,
0<x, <L,

(1n
X, (AMBZx,}m(aﬁ +b,x,)20
. Isy

(1<k<n)

Since this is a nonconvex problem, there is no guarantee that any algorithm will give
global optimum and does not terminate at a local optimum. Instead of applying a
multidimensional optimisation routine, an agent-based simulation method can be
suggested, in which the firms (players) are the agents, and at each time period each agent
adjusts its own output to optimise the Nash product. So at each step only a single
dimensional problem is solved. As it was also mentioned earlier, this process givens a
realistic model of real economic systems.

4 The simulation study

We consider only the classical Cournot model, other model variants can be discussed
similarly. We also assume that the firms know the true price and all cost functions and
the past simultaneous output values of all firms. In this case firm & is able to find its best
response x(¢) at any time 1.

In the case of non-cooperative firms the best response is given by equation (6).
In the case of cooperative firms, the best response of firm k is the output level that
maximises the Nash product equation (10) with given output levels of the competitors.
Note that the computation of the cooperative best responses requires the solution of a
single-dimensional optimisation problem only. If x,(f) is the current output of the firm
and x}*(r) is its best response, then under discrete time scales the firm will change its
output in the direction toward the desired output, since it cannot have large output
‘jumps’ instantaneously. Therefore the output change of the firms can be described by:

x, (t+1) = x, (O + 0, () - x, (1) (12)

where o is the learning rate of firm k. However, at the next time period, the other firms
may also adjust their outputs, so the market price might change, and therefore best
response of firm k will not be optimal any more.

We used agent-based simulation to examine the long-term behaviour of the firms.
We assumed cooperative agents with the Nash bargaining solution. For the sake of
simplicity, we assumed only three firms and identical learning rates.

First, we consider the case of symmetric agents with identical cost function. Figure 1
shows the learning process of symmetric agents with learning rate a=0.5, where
A=300,B=1,a,=a;=a;=10, b, = by = by = | and the initial outputs of the three firms
are x; = 10, x; = 40 and x; = 120, respectively. In this case with symmetric agents, the
agents have the same costs and production abilities, therefore their final outputs are also
the same after convergent learning regardless of the difference in the initial production
values. Figure 2 shows the learning process with non-symmetric agents, where a, = 100,
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previous case. In both Figures 1 and 2, firm I’s output is represented with dotted line,
firm 2’s output is represented with broken line, and firm 3°s output with continuous line.
131 the case of non-symmetric firms, the firms have the same marginal cost but firm 3’s
fixed cost is much larger than those of firm 1 and firm 2. However, in Figure 2, firm 3’s
output is larger than those of the other firms. This learning result seems to be in conflict
with intuition; however, it can be understood since the bargaining solution tries to reach
global optimum of the Nash product which is the common objective of the firms, instead
of looking for individual optimal solutions,

Figure 1 Learning process with symmetric agents (see online version for colours)

Figure 2 Learning process with non-symmetric agents (see online version for colours)

Pigare ¥
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’In order to further study our model we will examine the effect of different marginal costs,
We sifudy the case with non-symmetric agents, where the agents have the same fixed cost
but different marginal costs. The common fixed cost is 1000 in the first graph, marginal
costs are 1, 10, and 100, respectively, in the first graph; the common fixed cost is
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1000 and marginal costs are 1, 111, and 333, respectively, in the second graph of
Figure 3. The marginal costs of firm 1, firm 2 and firm 3 are selected in ascending order.
However, the sequences of the limiting output values are different and it shows that there
is no association between the limiting output values and the marginal cost values,

Figure 3 The learning processes of agents with various marginal costs (see online version
for colours)

e e S W iy o i s o s o

Figure 4 shows the learning process with various learning rates = 0.2, 0.5, 1.0 and 1.4,
respectively. The figure shows that the speed of convergence increases with higher
learning rate as < 1. When « is larger than one, learning does not converge any more.
This observation is consistent with learning in non-cooperative oligopoly games.
Okuguchi and Szidarovszky (1999) have proved that in equilibrium based learning the

equilibrium is locally asymptotically stable if

o, <4 and Z % <1, (13)

1 4 O
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where @ is the learning rate for agent k. Assume as a special case that the agents are
symmetric with identical learning rate, then the convergence condition becomes

a< ,__i, (14
ntl

We also present a comparison of simultaneous and sequential moves of the firms with
three firms as before. We have selected 4 =300, B= 1, a;=ay=ay = 10, by =by=b; = 1
and the initial outputs of the three firms as x, = 10, x, = 40 and x3 = 120. The results are
shown in Figure 5 which illustrates that both cases produce convergent strategies and the
convergence is faster in the case of simultancous learning. We have repeated this
experiment with other parameters, and always reached the same conclusion.

Figure 4 Learning processes with various learning rates: (a) a = 0.2; (b) a = 0.5; (¢} a = 1.0
and (d) « = 1.4 (see online version for colours)

(b)
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Figure 4 Learning processes with various learning rates: (a) = 0.2; (b) a=0.5; (¢) a = 1.0
and (d) & = 1.4 (see online version for colours) (continued)

Thgurs 1
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Figure 5 Comparison of simultaneous and sequential learning: (a) simultaneous learning
and (b) sequential learning (see online version for colours)

39
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Figure 5 Comparison of simultaneous and sequential learning: (a) simultaneous learning
and (b) sequential learning (see online version for colours) (continued)

§ Conclusions

In this paper, oligopoly models were examined under the assumption that the firms seek
Nash bargaining solution by cooperation in order to increase their profits. We illustrated
with agent-based simulation that the firms are able to learn and reach the bargaining
solution by both simultaneous and sequential dynamic learning processes. We assume
that at each step each agent finds its best response with given output levels of the
competitors and moves into its direction. We have examined symmetric and asymmetric
firms as well as the effect of differences in fixed, any marginal costs and learning rates.

Our study was based on the Nash bargaining solution, the case of other bargaining
~and cooperative solutions can be examined in a similar way, which will be the topic of
our future paper.
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